Infinitely many rigid symmetries of kappa-invariant D-string actions by Brandt, Friedemann et al.
ar
X
iv
:h
ep
-th
/9
80
71
13
v2
  2
0 
Ju
l 1
99
8
UB-ECM-PF-98/13
ITP-UH-11/98
hep-th/9807113
Infinitely many rigid symmetries of kappa-invariant D-string actions
Friedemann Brandt a, Joaquim Gomis b, David Mateos b, Joan Simo´n b
a Institut fu¨r Theoretische Physik, Universita¨t Hannover, Appelstraße 2, D–30167 Hannover, Germany
b Departament ECM, Facultat de F´ısica, Universitat de Barcelona and Institut de F´ısica d’Altes Energies, Diagonal 647,
E-08028 Barcelona, Spain
We show that each rigid symmetry of a D-string action is contained in a family of infinitely many
symmetries. In particular, kappa-invariant D-string actions have infinitely many supersymmetries.
The result is not restricted to standard D-string actions, but holds for any two-dimensional ac-
tion depending on an abelian world-sheet gauge field only via the field strength. It applies thus
also to manifestly SL(2, Z) covariant D-string actions. Furthermore, it extends analogously to
d-dimensional actions with (d − 1)-form gauge potentials, such as brane actions with dynamical
tension.
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INTRODUCTION AND CONCLUSION
In [1–3] a complete classification of the rigid symme-
tries of bosonic D-string actions was given and several ex-
amples were worked out explicitly, both in flat and curved
backgrounds. In particular it was shown that each rigid
symmetry is contained in a family of infinitely many rigid
symmetries. All these families together form a loop (or
loop-like) symmetry algebra. Two important examples
were those of a D-string in the near horizon geometries
of D3 and D1+D5 branes [3]. The near horizon metrics
involve AdS factors whose isometry groups are SO(2, 4)
and SO(2, 2) respectively, and thus the symmetries of the
D-string action in these backgrounds contain an infinite
loop generalization of these conformal symmetries.
In this paper we show that the above structures extend
to supersymmetric and, in particular, to kappa-invariant
D-string actions. Hence, these actions have actually in-
finitely many supersymmetries, forming infinite dimen-
sional loop-generalizations of the familiar supersymmetry
algebras (in flat or curved backgrounds).
As in the purely bosonic case, the infinite symmetry
structure is a direct consequence of the presence of the
Born-Infeld gauge field Aµ. This will become particularly
clear from the way in which we shall derive the result.
Namely we shall use a simple general argument which
neither makes use of the particular form of the action
nor of any specific properties of the target space or its
symmetries. Rather, the argument uses solely that the
Lagrangian depends on Aµ only via the field strength
Fµν = ∂µAν − ∂νAµ, and that the world-volume is two-
dimensional.
Our result is thus not restricted to D-string actions
of the Born-Infeld type but applies actually to a much
larger class of two dimensional actions containing a U(1)
gauge field. Moreover, if such an action contains several
U(1) gauge fields only via their field strengths, then the
argument applies to each of these gauge fields separately,
yielding an even larger symmetry structure. In particular
this applies to the manifestly SL(2, Z)-covariant D-string
actions constructed in [6,7] which contain two U(1) gauge
fields.
Furthermore we shall show that the argument is actu-
ally not restricted to two-dimensional actions. Rather, it
extends analogously to d-dimensional actions containing
(d−1)-form gauge potentials only via their (abelian) field
strengths. In the context of branes, such actions have
been discussed in [6–12] where the (d − 1)-form gauge
potentials serve to implement the brane tension dynam-
ically (as an integration constant). The two-dimensional
case appears to be somewhat special in the context of
D-branes, as only in this case the Born-Infeld gauge field
itself serves as a (d− 1)-form gauge potential.
Therefore the paper focusses mainly on the existence
and construction of infinite families of symmetries of D-
string actions. We do not provide a complete character-
ization of all these families of symmetries. From the re-
sults in the bosonic case, we expect that such a character-
ization can be given in terms of generalized super-Killing
vector equations. Here we just remark that the families of
symmetries of D-string actions do not necessarily corre-
spond one-to-one to the target space (super-) isometries.
For instance, in the bosonic case there are backgrounds
which admit the presence of dilatational symmetries in
addition to families of symmetries arising from the target
space isometries [1–3]. We shall provide a supersymmet-
ric version of these dilatational symmetries in a flat back-
ground which however does not seem to extend (at least
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not straightforwardly) to the kappa-invariant case as the
Wess-Zumino term breaks these dilatational symmetries.
One interesting case would be that of the kappa-
invariant D-string action in a D1+D5 supersymmetric
background, which could be constructed along the lines
of [4,5]. It follows from our results that such an action
should contain among its rigid symmetries an infinite
loop generalization of the background isometry super-
group SU(1, 1 | 2)× SU(1, 1 | 2).
Finally, we wish to stress that the nature of the infinite
symmetry structure described here differs from the infi-
nite conformal symmetry of gauge fixed two dimensional
sigma models discussed in [13,14]. Namely, these confor-
mal symmetries of sigma models are a mixture of finitely
many target space symmetries and infinitely many (con-
formal) world-sheet symmetries which arise as residual
symmetries from world-sheet diffeomorphisms in appro-
priate gauges of the latter. In contrast, the infinitely
many symmetries of D-string actions discussed here ex-
ist in addition to the world-sheet diffeomorphisms and
are thus present even before gauge fixing the latter.
THE GENERAL ARGUMENT IN THE
TWO-DIMENSIONAL CASE
We consider a two-dimensional action S =
∫
d2σL with
a Lagrangian L which depends on the gauge field Aµ only
via its field strength Fµν = ∂µAν − ∂νAµ and, possibly,
derivatives thereof (or which can be brought into such a
form by means of a partial integration). We shall denote
by {ZM} all the other fields which occur in the action.
For instance, in the case of standard bosonic D-string
actions {ZM} contains only the target space coordinates
xm, while it contains in addition the fermionic fields θα
in the supersymmetric or kappa-invariant case. If the
action contains additional abelian gauge fields (as, e.g.,
in [6,7]), the latter count also among the ZM , and Aµ
can be any of those gauge fields which enter the action
only via their field strengths.
As L depends by assumption on Aµ only via Fµν
and derivatives thereof, its Euler Lagrange derivative
∂ˆL/∂ˆAµ with respect to Aµ takes the form
∂ˆL
∂ˆAµ
= ǫµν∂νϕ (1)
where ϕ = ǫνµ ∂L/∂Fµν (using ǫ
01 = ǫ10 = 1). Note
that we have used here that we are dealing with a two
dimensional theory, as we took advantage of the fact that
Fµν is proportional to ǫµν .
We shall now show that any rigid symmetry of S is
actually contained in a family of infinitely many rigid
symmetries. Let us therefore assume that there are in-
finitesimal transformations ∆ZM and ∆Aµ which gen-
erate a symmetry of the action, i.e., by assumption
the ∆-variation of the Lagrangian is a total derivative,
∆L = ∂µk
µ. This invariance property is equivalent to
(∆ZM )
∂ˆL
∂ˆZM
+ (∆Aµ)
∂ˆL
∂ˆAµ
= ∂µj
µ
∆ . (2)
Here jµ∆ is of course nothing but the Noether current
associated with ∆. We claim that the following trans-
formations ∆˜ generate further rigid symmetries of the
action,
∆˜ZM = λ(ϕ)∆ZM (3)
∆˜Aµ = λ(ϕ)∆Aµ − dλ(ϕ)
dϕ
ǫµνj
ν
∆ (4)
where λ(ϕ) is an arbitrary function of the quantity ϕ
occurring in Eq. (1). Indeed, using Eqs. (1) and (2) one
easily verifies that
(∆˜ZM )
∂ˆL
∂ˆZM
+ (∆˜Aµ)
∂ˆL
∂ˆAµ
= ∂µ [λ(ϕ) j
µ
∆] . (5)
This implies ∆˜L = ∂µk˜
µ and thus ∆˜ generates a sym-
metry of the action. Furthermore Eq. (5) shows that the
Noether current associated with ∆˜ arises from the one as-
sociated with ∆ simply through multiplication with λ(ϕ),
jµ
∆˜
= λ(ϕ) jµ∆ . (6)
Hence, given a symmetry ∆ of the action, any choice
λ(ϕ) yields another symmetry ∆˜, and thus gives indeed
rise to a family of infinitely many symmetries. Notice
that if ∆ is a linear combination of a set of independent
rigid symmetries, ∆ = ǫi∆i, each of the symmetries ∆i
yields a corresponding family of symmetries ∆˜i through
functions λi(ϕ).
KAPPA INVARIANT D-STRING
As a first example of the above statement, we con-
sider the kappa-invariant D-string action in a flat ten-
dimensional background with two target space Majorana-
Weyl fermions θα1 , θ
α
2 of the same chirality (type IIB
case). Using the notation and conventions of [15,16]
(in particular θ = θ1 + θ2 with θ1 =
1
2 (1 + τ3)θ and
θ2 =
1
2 (1− τ3)θ), the action reads
S = −T
∫
d2σ
√
− det(Gµν + Fµν) + T
∫
Ω(2)(τ1) (7)
where
Gµν = Πmµ Πnν ηmn , Πmµ = ∂µXm − θ¯Γm∂µθ
F = dA− Ω(2)(τ3)
Ω(2)(τi) = −θ¯Γmτid θ(d xm + 12 θ¯Γmd θ). (8)
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The above action is known to be invariant up to a
total derivative under super-Poincare´ transformations
am∆m+
1
2a
mn∆mn+ǫ
α∆α, where a
m, amn = −anm and
ǫα = ǫα1 +ǫ
α
2 are constant infinitesimal parameters associ-
ated with Poincare´ and supersymmetry transformations,
respectively, while ∆m, ∆mn, ∆α are the corresponding
generators. They act as follows
∆nx
m = δmn , ∆nθ
α = ∆nAµ = 0 (9)
∆pqx
m = (δmp ηqr − δmq ηpr)xr , ∆pqθα = 12 (Γpqθ)α
∆pqAµ = 0 (10)
∆βx
m = (θ¯Γm)β , ∆βθ
α = δαβ
∆αAµ = (θ¯τ3Γm)α∂µx
m
− 16
[
(θ¯τ3Γm)αθ¯Γ
m∂µθ + (θ¯Γm)αθ¯τ3Γ
m∂µθ)
]
(11)
Up to the irrelevant factor T , (1) yields in this case
ϕ =
ϕ¯√
1− ϕ¯2 , ϕ¯ =
ǫµνFµν
2
√−G (12)
where G = det(Gµν). It is now straightforward to apply
Eqs. (3,4) to any ∆ ∈ {∆m ,∆mn ,∆α}, using (9–11) and
the corresponding Noether currents. The latter are given
by
jµ∆m = Πˆ
µ
m − ǫµν θ¯Γˆm∂νθ (13)
jµ∆mn = Πˆ
µ
p (2δ
p
[mηn]qx
q − 1
2
θ¯ΓpΓmnθ)
−ǫµν θ¯Γˆp∂νθ(2δp[mηn]qxq −
1
4
θ¯ΓpΓmnθ)
+
1
2
ǫµν θ¯ΓˆpΓmnθ(∂νx
p − 1
2
θ¯Γp∂νθ) (14)
jµ∆α = (θ¯Γ
m)α(2Πˆ
µ
m −
4
3
ǫµν θ¯Γˆm∂νθ)
−ǫµν(θ¯Γˆm)α(2∂νxm − 2
3
θ¯Γm∂νθ) (15)
where
Πˆµm =
√
−G(1 + ϕ2)GµνηmnΠnν (16)
Γˆm = Γm(ϕτ3 − τ1). (17)
Notice that each ∆ has its corresponding arbitrary func-
tion λ(ϕ), which can be expanded in an appropiate basis
(e.g. in powers of ϕ) to get the loop version of the corre-
sponding super-Poincare´ algebra, cf. [1,3].
PURELY SUPERSYMMETRIC D-STRING
By purely supersymmetric D-string, we mean a su-
persymmetric D-string with no coupling to the RR-
potentials and NS-NS two form. Again we consider an
action in a flat background,
S = −T
∫
d2σ
√
− det(Gµν + Fµν) (18)
with Gµν as in (8) and Fµν = ∂µAν − ∂νAµ. This ex-
ample illustrates that Born-Infeld type actions can have
more symmetries than those associated with background
(super-) isometries, as was already pointed out in [1,3].
Namely, in addition to the super-Poincare´ symmetries1,
the action has a dilatational invariance generated by
∆d x
m = xm , ∆d θ =
1
2 θ (19)
∆dAµ = 2(1− ϕ−2)Aµ (20)
where
ϕ =
ϕ¯√
1− ϕ¯2
, ϕ¯ =
ǫµνFµν
2
√−G . (21)
Indeed, the Lagrangian is invariant under ∆d up to a
total derivative,
∆d L = ∂µ(4ϕ
−1Aνǫ
νµ). (22)
The corresponding symmetries (3,4) read as follows
∆˜d x
m = λ(ϕ)xm , ∆˜d θ =
1
2 λ(ϕ) θ (23)
∆˜dAµ = 2λ(ϕ)(1 − ϕ−2)Aµ + dλ(ϕ)dϕ {2(ϕ+ ϕ−1)Aµ
−
√
−G(1 + ϕ2) ǫµνGν̺Πn̺ηnm[xm − 12 θ¯Γmθ]}. (24)
THE GENERAL ARGUMENT IN HIGHER
DIMENSIONS
The argument given in the two-dimensional case can
be easily generalized to higher dimensions. Consider a
(p+ 1)-dimensional action S =
∫
dp+1σL which depends
on a p-form gauge field Aµ1...µp only through its field
strength Fµ1µ2...µp+1 = (p+ 1)∂[µ1Aµ2...µp+1] and deriva-
tives thereof. Again we denote by {ZM} all other fields
in the action. Similarly to the two-dimensional case, the
Euler-Lagrange derivatives of L with respect to A(p) are
then
∂ˆL
∂ˆAµ1...µp
= ǫµ1...µpν ∂νϕ . (25)
Note that in this case we have used that Fµ1...µp+1 is
proportional to ǫµ1...µp+1 , since we are considering a (p+
1)-dimensional theory.
1In this case, the gauge field does not transform at all
under the super-Poincare´ transformations due to the non-
appearance of the NS-NS two form (in particular, ∆αAµ = 0).
Furthermore, in contrast to the kappa symmetric case, the
Lagrangian itself is exactly supersymmetric, not just up to a
total derivative.
3
In order to show that any rigid symmetry of S is con-
tained in a family of infinitely many rigid symmetries,
we proceed along the lines of the two-dimensional case.
Thus, let ∆ZM and ∆Aµ1...µp be infinitesimal transfor-
mations which generate a symmetry of S. This means
that
(∆ZM )
∂ˆL
∂ˆZM
+ (∆Aµ1...µp)
∂ˆL
∂ˆAµ1...µp
= ∂µj
µ
∆ . (26)
If this is so, then the transformations
∆˜ZM = λ(ϕ)∆ZM (27)
∆˜Aµ1...µp = λ(ϕ)∆Aµ1...µp (28)
− 1
p!
dλ(ϕ)
dϕ
ǫµ1...µpνj
ν
∆ (29)
where λ(ϕ) is an arbitrary function of the quantity ϕ that
appears in Eq. (25), also generate rigid symmetries of
the action (we have used ǫ01...p = −ǫ01...p = 1). Indeed,
making use of Eqs. (25) and (26) it is easily checked that
(∆˜ZM )
∂ˆL
∂ˆZM
+ (∆˜Aµ1...µp)
∂ˆL
∂ˆAµ1...µp
= ∂µ[λ(ϕ) j
µ
∆]
(30)
This shows that ∆˜ generates a symmetry of the action,
and also that the associated Noether current is simply
jµ
∆˜
= λ(ϕ) jµ∆.
EXAMPLES: D-BRANES AND M-BRANES
The previous argument for the occurrence of infinite
families of rigid symmetries for (p + 1)-dimensional ac-
tions depending on p-form gauge potentials A(p) only
through their field strengthsG(p+1) = dA(p) applies read-
ily to different brane actions. We will consider (super)D-
branes and (super)M-branes. Both types of objects can
be described by Lagrangian densities in which the tension
of the brane is generated dynamically as an integration
constant of the field equations for the p-form gauge po-
tential. Their form is [11,12], see also [10],
L =
1
2v
[
L2K + (∗G(p+1))2
]
(31)
where v is an indepependent worldvolume density and ∗
denotes the worldvolume Hodge dual. For instance, for a
Dp-brane in a general D = 10 supergravity background
one has [12]
L2K = e
−2φ det(gµν + Fµν) (32)
F = dV −B (33)
G(p+1) = dA(p) − C eF , C = ⊕kCk (34)
where g is the induced metric, V is the Born-Infeld gauge
field, B is the pull-back of the NS-NS two-form and Ck
are the pull-backs of the R-R gauge potentials. The corre-
sponding expressions for the M2-brane and the M5-brane
in a D = 11 supergravity background can be found in [9]
and [12] respectively.
In all these cases (for p > 1) the ‘source’ of an infinite
number of symmetries of the action is the worldvolume
p-form gauge potential A(p). The quantity ϕ occurring
in Eq. (25) in these cases takes the form
ϕ ∝ ∗G(p+1)
v
. (35)
For every rigid symmetry ∆ of these actions, the con-
struction explained in the previous section yields an in-
finite family {∆˜} of symmetries in which the original
one is included. For instance, this applies to all (su-
per)isometries of the supergravity background, which
were shown in [11,12] to yield rigid symmetries of the
corresponding brane action. It also applies to space-time
scale transformations under which (31) in a flat back-
ground is invariant. For the particular case of Dp-branes
they take the form 2:
xm −→ k xm
θ −→ k1/2 θ
V −→ k2 V
A(p) −→ kp+1A(p)
v −→ k2(p+1) v (36)
The corresponding transformations for the M5-brane are
obtained from the previous ones by setting p = 5 and
replacing the abelian one form gauge potential V by a
self-dual two form V +(2) that transforms with weight three,
i.e. V +(2) → k3 V +(2).
The above discussion does not imply that the actions
for these branes in their ‘usual’ form, i.e., without the
fields v and A(p), have infinitely many rigid symmetries
too. The reason is that A(p) cannot be eliminated al-
gebraically from the action. Rather, one eliminates it
by solving its field equation through an integration con-
stant3. Hence, ϕ turns into a constant once A(p) has
been eliminated in this manner. Accordingly, after elim-
inating A(p), ∆ and ∆˜ are not independent symmetries
anymore, but simply proportional to one another (so are
the corresponding Noether currents). In contrast, in the
2For p-branes, this set of transformations has already been
written in [9].
3Therefore the ‘usual’ actions do not arise from the La-
grangian (31) simply by substituting a solution to the field
equations of A(p). Rather, before doing so, a term propor-
tional to ∗dA(p) must be added to the Lagrangian (see [8]).
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two-dimensional (D-string) case the ‘source’ of the infi-
nite number of symmetries is the Born-Infeld gauge field
itself4. Of course, the argument above does not disprove
the existence of an infinite set of symmetries for Dp-
branes (p > 1) and M-branes. This is an issue which
remains open.
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